Introduction {#Sec1}
============

The paper is a contribution to the problem of classifying linear codes with given parameters over finite fields with *q* elements. Many authors have considered this problem before \[[@CR2], [@CR3], [@CR5], [@CR10]\], and it is known to be very hard. The structure of the codes for classification is very important in the generation process. We discuss an algorithm that solves the following problem: Find all inequivalent codes with given parameters if the set of all residual codes with respect to a codeword with a given weight is given. The extension of the generator matrix of a given residual code can be done row by row or column by column. We consider in more details the problem how to generate only inequivalent codes and obtain all of needed codes. To do this, we use the concept of canonical augmentation \[[@CR10], [@CR12]\]. This concept is very important for parallel implementations. We also mention the dual problem namely the classification of linear codes by extending their proper subcodes.

The algorithms presented in this paper are implemented in the programs [LengthExtension]{.smallcaps} and [DimExtension]{.smallcaps} of the package [QextNewEdition]{.smallcaps}. Restrictions on the dual distance, minimum distance, etc. can be applied. The program will be available on the webpage

[http://www.moi.math.bas.bg/moiuser/\~data/Software/QextNewEdition](http://www.moi.math.bas.bg/moiuser/%7edata/Software/QextNewEdition)

Preliminaries {#Sec2}
=============

Let *q* be a prime power and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {F}_q$$\end{document}$ the finite field with *q* elements, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {F}_q^*=\mathbb {F}_q\setminus \{0\}$$\end{document}$. A linear code of length *n*, dimension *k*, and minimum distance *d* over $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {F}_q$$\end{document}$ is called an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[n, k, d]_q$$\end{document}$ code. Two linear codes of the same length and dimension are equivalent if one can be obtained from the other by a sequence of the following transformations: (1) a permutation of the coordinate positions of all codewords; (2) a multiplication of a coordinate of all codewords with a nonzero element from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {F}_q$$\end{document}$; (3) a field automorphism. A sequence of the transformations given above that maps a code *C* to itself is called an automorphism of *C*. The set of all automorphisms of *C* forms a group, called the automophism group of the code and denoted by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {Aut}(C)$$\end{document}$. The action of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {Aut}(C)$$\end{document}$ on the code partitions the set of its codewords into orbits.

The defined equivalence relation in the set of all linear $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[n,k,d]_q$$\end{document}$ codes partitions this set into equivalence classes. We choose a canonical representative of each equivalence class. If *C* is a linear $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[n,k,d]_q$$\end{document}$ code, we call the canonical representative of its equivalence class the canonical form of *C* and denote it by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho (C)$$\end{document}$. If two codes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_2$$\end{document}$ are equivalent they have the same canonical form, or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho (C_1)=\rho (C_2)$$\end{document}$.

Let *C* be an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[n, k,d]_q$$\end{document}$ code and let *c* be a codeword of weight *w*. Then the residual code of *C* with respect to *c*, denoted *Res*(*C*; *c*), is the code of length $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n-w$$\end{document}$ punctured on the set of coordinates on which *c* is nonzero. If only the weight *w* of *c* is of importance, we will denote it by *Res*(*C*; *w*). The next result gives a lower bound for the minimum distance of residual codes.
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We need also the following theorem
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As a corollary we obtain
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Examples {#Sec4}
========

We use the presented algorithms implemented in the programs [LengthExtension]{.smallcaps} and [DimExtension]{.smallcaps} to obtain a systematic classification of linear codes with specific properties and parameters over fields with 2, 3 and 4 elements. Besides specifying the parameters such as length (*n*), dimension (*k*) and minimum distance (*d*), many other constraints can be considered. We give two examples, both over the filed $\documentclass[12pt]{minimal}
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                \begin{document}$$S_3$$\end{document}$ is the symmetric group (calculated by [GAP Computer Algebra System]{.smallcaps} \[[@CR6]\]). The group acts transitively on the coordinates and has order 360. The code is not self-orthogonal.

The following proposition allows one to reduce the number of cases that need to be considered for an exhaustive search for a certain class of codes.

Proposition 1 {#FPar13}
-------------

If binary linear \[*n*, *k*, 2*d*\] codes exist then at least one of these codes is even.

Proof {#FPar14}
-----

Let *C* be a binary linear \[*n*, *k*, 2*d*\] code. Suppose that *C* contains codewords of odd weight. If $\documentclass[12pt]{minimal}
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                \begin{document}$$C^*$$\end{document}$ is the punctured code of *C* on the right-most coordinate then $\documentclass[12pt]{minimal}
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                \begin{document}$$C^*$$\end{document}$ with one coordinate by adding an overall parity check. The resulting code $\documentclass[12pt]{minimal}
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                \begin{document}$$\widehat{C}^*$$\end{document}$ is even and its parameters are \[*n*, *k*, 2*d*\].

Proposition 2 {#FPar15}
-------------

Binary linear \[41, 14, 14\] codes do not exist.

Proof {#FPar16}
-----

According to Proposition [1](#FPar13){ref-type="sec"}, it is enough to prove the nonexistence of even codes with these parameters. Feulner proved in \[[@CR5]\] that binary \[35, 10, 13\] code does not exist. We prove that binary \[36, 11, 13\] and \[37, 12, 13\] codes do not exist. The nonexistence of codes with these parameters proves that binary linear \[36, 10, 14\], \[37, 11, 14\] and \[38, 12, 14\] codes do not exist. This gives us that no linear $\documentclass[12pt]{minimal}
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                \begin{document}$$1\le i\le 5$$\end{document}$. According to Corollary [3](#FPar8){ref-type="sec"}, the dual distance of a binary \[41, 14, 14\] must be at least 6. Since no $\documentclass[12pt]{minimal}
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                \begin{document}$$[41,27,\ge 7]_2$$\end{document}$ codes exist \[[@CR7]\], $\documentclass[12pt]{minimal}
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                \begin{document}$$d^\perp =6$$\end{document}$. Therefore we are looking for binary even \[41, 14, 14\] codes with dual distance 6 and we try to construct them by extending all possible even $\documentclass[12pt]{minimal}
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                \begin{document}$$\ge 3$$\end{document}$. The program [Generation]{.smallcaps} shows that there are exactly 209 inequivalent even $\documentclass[12pt]{minimal}
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                \begin{document}$$[35,9,14]_2$$\end{document}$ codes with needed dual distance. Then we try to extend them using the program [DimExtension]{.smallcaps}. The result is 'RES 0, Elapsed time: 432m' which means that these codes cannot be extended to \[41, 14, 14\] codes and this result is obtained in 432 min.

Remark 1 {#FPar17}
--------

The table of optimal codes \[[@CR7]\] indicates that the existence of \[40, 13, 14\] binary codes is also unknown. If a code with these parameters exists, its dual distance can be 5 or 6. If *C* is a \[40, 13, 14\] binary even code with dual distance 5, it contains an even \[35, 9, 14\] shortened code with dual distance $\documentclass[12pt]{minimal}
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                \begin{document}$$\ge 3$$\end{document}$. By the program [DimExtension]{.smallcaps}, we obtain that these codes cannot be extended to \[40, 13, 14\] binary codes. This means that if a \[40, 13, 14\] binary even code exists, its dual distance is 6. Then this code contains a shortened code with parameters \[34, 8, 14\] and dual distance $\documentclass[12pt]{minimal}
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                \begin{document}$$\ge 3$$\end{document}$. There are 10 607 917 inequivalent \[34, 8, 14\] codes with needed dual distance. We were not able to extend all these codes for a reasonable time and therefore we have no result for the codes with parameters \[40, 13, 14\].
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